It is shown that, every entangled state in an infinite-dimensional composite system has a simple entanglement witness of the form αI + T with α a nonnegative number and T a finite rank self-adjoint operator. We also provide two methods of constructing entanglement witness and apply them to obtain some entangled states that cannot be detected by the PPT criterion and the realignment criterion.
Introduction
In quantum mechanics, a quantum system is associated with a separable complex Hilbert space H, i.e., the state space. A quantum state is described as a density operator ρ ∈ B(H) (namely, ρ is positive and has trace 1); furthermore, ρ is a pure state if ρ 2 = ρ; ρ is a mixed state if ρ 2 = ρ. The state space H of a composite quantum system is a tensor product of several state spaces H i , that is H = H 1 ⊗ H 2 ⊗ . . . ⊗ H k . Let H and K be finite dimensional and let ρ be a state acting on H ⊗ K. ρ is said to be separable if ρ can be written as
where ρ i and σ i are states on H and K respectively, and p i are positive numbers with k i=1 p i = 1. Otherwise, ρ is said to be inseparable or entangled (ref. [1, 2] ). For the case that at least one of H and K is of infinite dimension, by R. F. Werner [3] , a state ρ acting on H ⊗ K is called separable if it can be approximated in the trace norm by the states of the form
where ρ i and σ i are states on H and K respectively, and p i are positive numbers with n i=1 p i = 1. Otherwise, ρ is called an entangled state.
Entanglement is of special significance in quantum information processing and is responsible for many quantum tasks such as teleportation, dense coding, key distribution, error correction etc. (see [2, 4, 5, 6, 7, 8] ). It is very important but also difficult to determine whether or not a state in a composite system is separable. For the case of 2 × 2 or 2 × 3 systems, that is, for the case dim H = dim K = 2 or dim H = 2, dim K = 3, a state is separable if and only if it is PPT (Positive Partial Transpose) [9, 10] . But PPT is only a necessary condition for a state to be separable acting on Hilbert space of higher dimensions. There are PPT states that are entangled. It is known that PPT entangled states belong to the class of bound entangled states [11] . In [12] , the realignment criterion for separability in finite dimensional systems was found. It is independent of the PPT criterion and can detect some bound entangled states that cannot be recognized by the PPT criterion.
A most general approach to study the entanglement of quantum states in finite dimensional physical systems is based on the notion of entanglement witnesses (see [9] ). A Hermitian operator W acting on H ⊗ K is said to be an entanglement witness (briefly, EW), if W is not positive and Tr(W σ) ≥ 0 holds for all separable states σ. Thus, if W is an EW, then there exists an entangled state ρ such that Tr(W ρ) < 0 (that is, the entanglement of ρ can be detected by W ). It was shown that, a state is entangled if and only if it is detected by some entanglement witnesses [9] . This entanglement witness criterion is also valid for infinite dimensional systems. Clearly, constructing entanglement witnesses is a hard task. There was a considerable effort in constructing and analyzing the structure of entanglement witnesses [13, 14, 15, 16 ] (see also [17] for a review). However, few literature concerns the structure properties of entanglement witnesses for infinite dimensional composite systems since the witnesses for infinite dimensional case have much more complicated structure. A general discussion can be found in [18] , there it was shown that every entanglement witness W in a bipartite system can be written as of the form W = cI − C with I the identity operator, C a positive operator and c a positive number (this is obvious by taking c = W and C = W I − W ).
In the present paper we continue discussing the structure properties of entanglement witnesses for infinite dimensional composite systems. The main purpose is to answer the question, for any entangled state, whether or not we can find some witnesses of simple structure that detect the given state. We show that a state ρ on an infinite-dimensional composite system is entangled if and only if there exists an entanglement witness of the form W = αI + T with α a nonnegative number and T a finite rank self-adjoint operator (i.e., the range of T is finite-dimensional) such that Tr(W ρ) < 0. This is remarkable because such kind of witness W is a Fredholm operator of index 0 (i.e., W has a closed range and ind(W ) = dim ker(W ) − dim ker(W * ) = 0) and the spectrum of W consists of finite many eigenvalues. We also develop two methods of constructing such entanglement witnesses, which are applied to find entanglement witnesses of such form that can detect some entangled states, however these states cannot be detected by the PPT criterion and the realignment criterion.
Throughout, H and K are separable complex Hilbert spaces that may be of infinite dimension if no specific assumption is made, and ·|· stands for the inner product in both of them. 
Witnesses of simple form
Let ρ be a state on H ⊗ K. In [9] , it was shown that ρ is entangled if and only if there exists a self-adjoint operator W ∈ B(H ⊗ K) such that W is an EW and Tr(W ρ) < 0. However, for infinite-dimensional systems, the structure of the entanglement witnesses are very complicated and difficult to deal with. Then it is interesting to ask: for any entangled state ρ, can we always find a witness W detecting ρ of some simple structure that is easily handled?
In this section we will improve the result in [9] and give an answer of the question above.
Our main result shows that any entangled state can be detected by an entanglement witness of the form "nonnegative constant times identity + a self-adjoint operator of finite rank ". It is obvious that such kind of witnesses are much simple and easily handled. To do this, we first give a lemma. Proof. Obviously, we only need to prove the "only if" part by the result in [9] . Denote by
are rank-one projections}. Let C = the operator norm closure of S 0 and let S sep be the set of all separable states acting on H ⊗K, i.e., the trace-norm closure of S 0 . It is obvious that S sep ⊂ C. Furthermore, C is a closed convex subset in B 0 (H ⊗ K). We claim that if ρ is an entangled state on H ⊗ K, then ρ ∈ C. If, on the contrary, ρ ∈ C, then lim n→∞ ρ − σ n = 0 for some {σ n } ⊂ S 0 , here we denote by A the operator norm for an operator A, as usual. Take any orthonormal bases {|i } and {|j } of H and K, respectively.
For any positive integers k ≤ dim H and l ≤ dim K, denote P kl = P k ⊗Q l , where P k and Q l are finite rank projections onto the subspaces spanned by {|i } k i=0 and {|j } l j=0 , respectively. Since ρ is entangled, by [19, Theorem 2] , there exists (k, l) such that ρ kl = Tr(P kl ρP kl ) −1 P kl ρP kl is entangled. It follows from lim n→∞ ρ − σ n = 0 that lim n→∞ P kl σ n P kl − P kl ρP kl = 0. Since P kl σ n P kl and P kl ρP kl can be regarded as operators acting on the finite-dimensional space P k H ⊗ Q l K, we must have lim n→∞ Tr(P kl σ n P kl ) = Tr(P kl ρP kl ) > 0. Thus for sufficient large k and l, Tr(P kl σ n P kl ) = 0. Let σ nkl = Tr(P kl σ n P kl ) −1 P kl σ n P kl . Then it is clear that σ nkl is separable and lim n→∞ ρ kl − σ nkl = 0. Again, regarding ρ kl and σ nkl as states acting on the finite-dimensional space P k H ⊗ Q l K, we conclude that lim n→∞ ρ kl − σ nkl 1 = 0. Therefore, ρ kl is separable, a contradiction. So, a state ρ is entangled implies that ρ ∈ C, as desired. Now, we can apply the Hahn-Banach theorem to ρ and C, and get a linear functional
denotes the real part. Note that B 0 (H ⊗ K) * = T (H ⊗ K) and thus there exists a trace-class
Based on Lemma 2.1, we can get the main result in this section. Proof. Still, we only need to prove the "only if" part. Assume that ρ is entangled. Then, by 
there exists a natural number N 1 such that A n − W ε < 1 4 ε whenever n ≥ N 1 . Now, for any separable state σ,
Therefore A n is an EW whenever n ≥ N 1 .
Hence A n is an entanglement witness for ρ. Now let α = α 0 + 1 2 ε and R = n i=1 α i |ω i ω i |. So far, we have proved that, for entangled state ρ, there exists a real number α ∈ R and a finite rank self-adjoint operator R ∈ T (H ⊗ K) such that the operator W = αI + R satisfies Tr(W ρ) < 0 and Tr(W σ) ≥ 0 for all separable states σ on H ⊗ K. To complete the proof of the theorem, we still need to show that α ≥ 0. We claim that inf σ∈Ssep Tr(Rσ) = 0.
As R ∈ B(H ⊗ K) is a finite rank self-adjoint operator, there exist vectors |ψ k ∈ H ⊗ K and real numbers b k , k = 1, 2, . . . , n, such that R = n k=1 b k |ψ k ψ k |. Take any orthonormal bases {|i } and {|j } in H and K, respectively. Then {|ij } is a product basis of H ⊗ K. For any |ij , let σ ij = |ij ij|. Then we have
Thus lim i,j→∞ Tr(Rσ ij ) = 0, this ensures that inf σ∈Ssep Tr(Rσ) = 0. Hence α ≥ 0 as α + Tr(Rσ) ≥ 0 for all σ ∈ S sep , completing the proof. In the following, we always assume that H and K are complex Hilbert spaces that may be infinite-dimensional. {|i : i ∈ Λ} and {|j : j ∈ Γ} be any fixed orthonormal bases of H and K, respectively. Then every vector |ω ∈ H ⊗ K can be written in |ω = ij d ij |ij with ij |d ij | 2 = |ω 2 < ∞. The coefficient matrix D ω = (d ij ) may be regarded as a Hilbert-Schmidt operator from K into H defined by D ω |j = i d ij |i . Thus D ω is a bounded operator and we will denote its operator norm by D ω . By Theorem 2.2, to construct an entanglement witness W , we may assume that W has the form W = αI −T with T a self-adjoint finite rank operator. Thus T = k α k |ω k ω k | for some orthonormal set {|ω k } k ⊂ H ⊗ K and some real numbers α k with
Constructing entanglement witnesses
then ρ is entangled with W its entanglement witness.
Proof. Write ρ 1 = k α k |ω k ω k |. For any unit product vector |µ |ν ∈ H ⊗ K, we have
Let W = c ρ 1 I − ρ 1 . It follows that Tr(W σ) ≥ 0 for all separable pure states σ on H ⊗ K.
Thus W is an entanglement witness whenever W is not positive.
If c ρ 1 < p ρ 1 2 2 + (1 − p)Tr(ρ 1 ρ 2 ), then
Hence, by Lemma 2.1, we have that ρ is entangled with entanglement witness W .
Particularly, we have
ij ) as operators from K into H. If there is some k 0 such that D k 0 2 < p k 0 , then ρ is an entangled state and D k 0 2 I − |ω k 0 ω k 0 | is an entanglement witness for ρ. 
with p k ≥ 0 and p 1 + p 2 + p 3 = 1, where
Then, ρ is a state acting on H ⊗ K and {ω 1 , ω 2 , ω 3 } is an orthonormal set. It is clear that, regarded as operators from K into H, D 1 , D 2 and D 3 as that in Corollary 3.2 are determined by
π(i+1) |i + 2 , respectively. Since D k 2 = 6 π 2 , k = 1, 2, 3, so, by use of Corollary 3.2, one sees that, if p k > 6 π 2 for some k = 1, 2, 3, then ρ is entangled with entanglement witness W = 6 π 2 I − |ω k ω k |. Example 3.4. Let H and K be n-dimensional complex Hilbert spaces with orthonormal bases {|i } n−1 i=0 and {|j } n−1 j=0 , respectively. Let
where q i ≥ 0 for i = 1, 2, . . . , n and n i=1 q i = 1. Then ρ is a state on H ⊗ K. If q i (i = 1, 2, . . . , n) are not the same, then there must be some i 0 ∈ {1, 2, . . . , n} such that q i 0 > 1 n . Without loss of generality, assume that q 1 > 1 n . Let W = 1 n I − ρ 1 . By Corollary 3.2, Tr(W σ) ≥ 0 for all separable states σ and Tr(W ρ) < 0, which imply that ρ is entangled with entanglement witness W .
If q 1 = q 2 = . . . = q n = 1 n , then ρ is PPT. Moreover, by [21, Theorem 1] , ρ is separable. 3.2. A General Approach. In the following, we will consider more general cases and provide a method of constructing entanglement witnesses. This method is motivated by an idea used in [16] .
Let ρ be a mixed state. Write ρ in the form ρ = i p i ρ i , where ρ i 's are pure states with ρ i ρ j = 0 whenever i = j. By Theorem 2.2, it is possible to construct an entanglement witness on H ⊗ K of the form W = αI + n i=1 a i ρ i that may detect the entanglement of ρ. To do this, let L : T sa (H ⊗ K) → R n be a map defined by L(T ) = (Tr(ρ 1 T ), Tr(ρ 2 T ), . . . , Tr(ρ n T )) t for every T ∈ T sa (H ⊗ K), the real linear space of all self-adjoint operators in T (H ⊗ K). It is obvious that L is linear, bounded and L(S sep ) ⊆ R n is a closed convex set. If L(ρ) ∈ L(S sep ), then ρ is entangled and we can find a linear functional f = (a 1 , a 2 , . . . , a n ) ∈ (R n ) * such that
Then W satisfies Tr(W σ) ≥ 0 for all separable states σ on H ⊗ K and Tr(W ρ) < 0, that is, W is an entanglement witness that can detect ρ. In fact, by Theorem 2.2, the second case never occurs. So, we find a witness of the form W = I − n i=1 a i ρ i that detects some entangled state of the form ρ = i p i ρ i . Note that, the special approach in Subsection 3.1 is the case of taking n = 1.
One of the difficulties of the above general approach is that, in general, the map L has too many even infinite many variables. In the case that there exist finite rank projections P ∈ B(H) and Q ∈ B(K) such that ρ k = (P ⊗Q)ρ k (P ⊗Q), the situation may be simplified. In this case, denote by B sa (P H ⊗ QK) the space of all self-adjoint operators acting on the finite dimensional space P H ⊗ QK. Let L ′ = L| Bsa(P H⊗QK) and ρ ′ = (P H ⊗ QK) ), then ρ ′ is entangled with a witness of the form W ′ = I P H⊗QK − n k=1 a k ρ k | P H⊗QK . We claim that W = I − n k=1 a k ρ k is an entanglement witness for original system H ⊗ K. Take any orthonormal bases {|i } l i=0 and {|j } m j=0 of P H and QK, and extend them to orthonormal bases {|i } and {|j } of H and K, respectively.
For any unit vectors |ψ ∈ H and |φ ∈ K, we can write |ψ = i ξ i |i and |φ = j η j |j .
Let σ = |ψ |φ ψ| φ| be the separable pure state. Then Tr(W σ) = 1 − n k=1 a k Tr(ρ k σ) = 1 − n k=1 a k Tr((P H ⊗ QK)ρ k (P H ⊗ QK)σ(P H ⊗ QK)) = Tr(W ′ (P H ⊗ QK)σ(P H ⊗ QK)) ≥ 0 since (P H ⊗QK)σ(P H ⊗QK) is separable. Now it is clear that W is an entanglement witness as it is not positive. Note that
. To illustrate how to use the general approach to construct entanglement witnesses, we give an example here. 
and
Define ρ 1 = |ω 1 ω 1 |, ρ 2 = |ω 2 ω 2 | and
Let ρ 4 be any state satisfying Tr(ρ k ρ 4 ) = 0 for k = 1, 2, 3. Then, for any t ∈ (0, 1),
is a state on H ⊗ K, where q i ≥ 0 for i = 1, 2, 3 and q 1 + q 2 + q 3 = 1. Let us discuss the entanglement ofρ t .
Let H 1 and K 1 be the 3-dimensional spaces spanned by |0 , |1 , |2 respectively. Thus ρ i , i = 1, 2, 3, defined above can be regarded as states on
. By the general approach stated above, if we may construct some entanglement witnesses of the form W ′ = I 3×3 − (a 1 ρ 1 + a 2 ρ 2 + a 3 ρ 3 )| H 1 ⊗K 1 for the 3 × 3 system, then we get some entanglement witnesses of the same form W = I − (a 1 ρ 1 + a 2 ρ 2 + a 3 ρ 3 ), which may detect entangled statesρ t for suitable q 1 , q 2 , q 3 and t. In fact, we will find two entanglement witnesses W 1 = I −1.5ρ 1 −0.3ρ 2 −3ρ 3 and W 2 = I −0.3ρ 1 −1.5ρ 2 −3ρ 3 , which detect ρ for some suitable q 1 , q 2 , q 3 , and then detectρ t for sufficient small t; particularly, if q 2 < 5 7 q 1 or q 1 < 5 7 q 2 , and if q 1 q 2 q 3 ≥ q 3 1 + q 3 2 , thenρ t is an entangled PPT state whenever ρ 4 is. The realignment criterion can be generalized to infinite dimensional systems. For a pure state ρ = |ψ ψ| with |ψ = [22] . Thus the realignment criterion states that, for any state ρ ∈ S(H ⊗ K), if ρ is separable, then ρ R 1 ≤ 1 [23] . Thus, applying the entanglement witnesses W 1 and W 2 , we see that, if 0 < 2q 2 = q 1 ≤ 2 303 or 0 < 2q 1 = q 2 ≤ 2 303 , and if ρ 4 is separable and t is small enough, thenρ t is PPT entangled that cannot be detected by the realignment criterion.
To show the desired conclusion, by the general approach and the discussion above, in the following, we need only regard ρ and ρ i , i = 1, 2, 3, as states of 3 × 3 system H 1 ⊗ K 1 and show that W 1 = I − 1.5ρ 1 − 0.3ρ 2 − 3ρ 3 and W 2 = I − 0.3ρ 1 − 1.5ρ 2 − 3ρ 3 are entanglement witnesses, and then apply them to check that (1) if q 2 < 5 7 q 1 or q 1 < 5 7 q 2 , then ρ is entangled;
, then ρ is PPT entangled that cannot be detected by the realignment criterion.
It is easily checked that ρ is PPT if and only if q 1 q 2 q 3 ≥ q 3 1 + q 3 2 . And by Corollary 3.2, if q 1 > 1 3 or q 2 > 1 3 , then ρ is NPPT entangled. Since every separable state can be written as a convex combination of pure product states, to find an entanglement witness of the form W = I − a 1 ρ 1 − a 2 ρ 2 − a 3 ρ 3 , we only need to consider the values Tr(ρ i (|α |β α| β|)) for all pure product states |α |β on H 1 ⊗ K 1 . Let |α = (α 1 , α 2 , α 3 ) t ∈ H 1 and |β = (β 1 , β 2 , β 3 ) t ∈ K 1 be any unit vectors, and let c 1 = Tr(ρ 1 (|α |β α| β|)) = 1 3
As the maximum value of c i (i = 1, 2, 3) is 1 3 , the points A = ( 1 3 , 0, 0), B = (0, 1 3 , 0) and C = (0, 0, , which imply that 3c 1 − c 2 + 3c 3 = 13 12 > 1. Hence the point E = ( 1 3 , 1 12 ,
Next, let us consider the plane passing through A, C and E, which has the equation
If we take Since the maximum value of 1.71c 1 + 0.29c 2 + 3c 3 is around 1.0174, which is much close to 1, we can make the plane (3.1) a small rotation around the point C to get a new plane that is tangent to L(S sep ). For instance, let us consider the following one So the entanglement of ρ can be detected by the entanglement witness W 1 if 0 ≤ q 2 < 5 7 q 1 . Furthermore, if q 1 , q 2 , q 3 satisfy q 1 q 2 q 3 ≥ q 3 1 + q 3 2 and 0 ≤ q 2 < 5 7 q 1 , then ρ is a PPT entangled state that can be detected by W 1 .
Now let's consider the realignment criterion.
For ρ = q 1 ρ 1 + q 2 ρ 2 + q 3 ρ 3 , it is obvious that 
Then the realignment matrix of ρ is 
By computation, we have that the trace norm ρ R 1 < 1 if q 1 ≤ 2 303 and q 2 = 1 2 q 1 . Hence, in this case, the entangled state ρ is PPT and cannot be detected by the realignment criterion. however it can be detected by the entanglement witness W 1 . Applying the entanglement witness W 2 in Eq.(3.5), one gets the other half of the assertions (1)-(3).
Conclusion. For infinite-dimensional composite systems, every entangled state has a simple entanglement witness of the form αI − T , where α is a nonnegative number and T is a self-adjoint operator of finite rank. Such kind of witnesses have nice structure and can be handled easily. Based on this fact, two approaches of constructing entanglement witnesses of such form for entangled states are provided. Some examples of entanglement witnesses of such form are found and used to detect entangled states that cannot be detected by the PPT criterion and the realignment criterion.
